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Abstract

The aim of the paper is twofold. First, starting from the three-
dimensional theory of linear elasticity, we give a simple justification of
Saint-Venant theory for beams with multi-connected cross-section by
means of I'-convergence. Second, we estimate the error between the
three-dimensional problem and the limit problem.

1 Introduction

In the last years there has been a growing interest in the justification of the
classical theories of thin-elastic bodies. Several methods have been used,
among which the most popular are: the asymptotic expansion method, the
['-convergence, and the use of functional analysis techniques similar in spirit
to those applied in the mathematical theory of homogenization. Among
these, the first provides only a formal justification since, as a starting point,
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it assumes the existence of a power series expansion of the unknowns in terms
of the parameters which identify the small scales.

The justification by means of I'-convergence of St. Venant beam’s theory
has been given for the first time by Anzellotti, Baldo and Percivale [1]. These
authors limited themselves to consider circular cross sections, while the case
of a general simply-connected cross section has been considered by Percivale
[16]. Since then, several extensions have been given. In particular we mention
the works by Mora and Muller [12], [13] where the starting point is non-linear
elasticity instead of linear elasticity, and the studies of Freddi, Morassi and
Paroni [4], [5] on thin-walled beams.

The method based on functional analysis techniques has been used by Le
Dret [10] to justify the theory of rods. In this paper the author does not only
study the convergence of the displacements but also of the stresses. The cross
section is again assumed simply-connected and the material is homogeneous
and isotropic. The extension to fully anisotropic inhomogeneous materials
has been given by Murat and Sili [14], [15]. The method has been used also
by the authors [6] to study anisotropic, inhomogeneous, thin-walled beams
with rectangular cross-section.

In this paper we use the theory of I'-convergence to give a rigorous justifi-
cation of the linear theory of elastic beams with multi-connected cross-section
which, to the best of our knowledge, has been done only through the formal
asymptotic method (see for instance the paper by Trabucho and Viano [17]).

The key result which allows us to handle multi-connected cross-sections is
contained in Theorem 3.3. The corresponding step in the simply-connected
case is easily achieved thanks to an application of Poincaré’s lemma, see [3].
Successively, we give an estimate of the error between the solutions of the
three-dimensional problem and of the limit problem. This, to our knowledge,
is the first rigorous error estimate of a dimension reduction problem given
within the framework of I'-convergence. Our estimate is in agreement with
those obtained, in different frameworks, by Irago and Viano, [8], and by
Monneau, Murat, and Sili, [11].

We limit ourselves to the case of homogeneous and isotropic bodies to
keep notation and proofs as simple as possible, even if the same proof holds
for more general symmetries of the body. Moreover, since the problem is
linear it could be studied by using the weak form of the problem following
mainly the same ideas used in our I'-convergence proof.

Unless otherwise stated, we use the Einstein summation convention and



we index vector and tensor components as follows: Greek indices «, 3 take
values in the set {1, 2} and Latin indices 4, j in the set {1, 2,3}. Convergence
in the norm will be denoted by — while weak convergence will be denoted by
—. With a little, but harmless, abuse of notation, we shall call “sequences”
families with index a continuous parameter ¢ which, throughout the paper,
will be assumed to belong to the interval (0, 1].

2 The 3-dimensional problem

Let w = wp \ UL &; C R?, where w;, for j = 0,1,...,I, are open, bounded,
simply-connected sets with Lipschitz boundaries 7; := Ow;. Moreover, we
assume that W; C wy, and w; Nwg = @ for i,k =1,..., 1, with ¢ # k. Thus w
is a bounded, open, connected, possibly multi-connected set with a Lipschitz
boundary, see Fig. 1. We assume that the coordinate axes are such that

/ZL‘l d[Elde‘Q :/[Egdxldl‘g :/xll'gdl'ldfﬁg:o. (].)

Fig. 1. The cross-section of the beam with I = 4.

For € € (0,1], let w, := ew, and for £ > 0, let Q. := w, x (0,¢) C R3.
Henceforth, we shall refer to €2. as the reference configuration occupied
by a homogeneous, isotropic, linearly elastic body. We assume the body to



be subject to body forces b° € L*(Q; R?) and to have null displacement on
we X {z3 = 0}. Then, the displacement may be computed by minimizing the
energy functional

1
F.(a) :25/ CE@~E@d$—/ b - tdx
€ QE

among all displacements @ € H} (Q;R3), where
H} (R = {0 € H'(Q;R") : 0 =0 on w. x {w3 = 0}}.
Above, Eu denotes the strain of the displacement 4, i.e.,

Du(x) + Da'(z)

Fu(x) := 5 ,

and C is the elasticity tensor, which in terms of the Lame’s parameters may
be written as

CA = 2uA + A(trA)I,

for every symmetric matrix A, where I denotes the identity matrix and trA
denotes the trace of A. We assume p > 0 and A > 0 so to have, for every
symmetric tensor A,

CA-A> ulAP 2)

As customary in dimension reduction problems we pass to a domain in-
dependent of €. Let Q := Qy and let p. : © — €. be defined by p.(x) =
pe(T1, o, x3) = (e21, €29, x3). Following Ciarlet and Destuynder [2], we also
change the name of the unknowns by setting

(w1, ug, us) := (£liy, €lly, U3) 0 pe : Q@ — R?.

We then have

1 1
—QDQU5 —DgUg
Diop. = 81 € =: H°u

—Dyus Dsus
€

where D; denotes the partial derivatives with respect to x;. We shall denote
by
B Hsu—|—2H€uT’ Weu — Heu —2H5uT7



the symmetric and the skew-symmetric part of Hu.
We consider loads of the form

m(xs)
Iy
b o pe(x) = bs(x),

with b € L*(Q;R?), m € L*(0,/), and where Iy := [ (274 23) dzidx, denotes

the polar moment of inertia of the section w. With this notation the energy
rewrites as

b o p.(x) = eby(x) —

Ty, b5 op.(x) =ceby(x)+

1 UL Us _
Fo(u) = 6—2-7:5((?,?7%)01?81)

¢
= Ie(u)—/b-udx—/ m Y (u) drs,
Q 0

where

I.(u) := %/Q(CEEu - Efudz, (3)

and

11
_EIO w

U (u)(x3) :

((L‘l’LLQ(CL’l,l‘Q,U:;) — CL’QUl(ZEl,J]Q,ZL'g))dIldIQ. (4)

The energy F. should be minimized over H} (Q;R3) := H} (Q1;R?).

3 Convergence of displacements
Throughout the section we consider a sequence {u®} C Hj, (Q; R?) such that

sup. | B0y < +oo. 5)
€€(0,1]

Up to a subsequence, still denoted by e, there exists an £ € L*(Q2; R**3) such
that
Efu® — E in L*(Q;R**?).

We start by studying the convergence of the displacements.

(@)



Theorem 3.1 There exist a subsequence of {u°}, not relabeled, and a func-
tion

u’ € Hpny(S4R?) i={v e Hj, (R : (Bv)in=0, i=1,2,3, a=1,2},
such that
ut —u’ in H'(Q;RY). (6)
Moreover

0
E33 = D3U3.

PROOF. Since |E°u®| > |Euf| it follows, from (5), that Eu® is uniformly
bounded in L?(€;R3*3) and, by Korn’s inequality, that u® is uniformly
bounded in H'(2;R3). Hence, there exist a u® € H} (;R?) and a sub-
sequence such that u® — u® in H'(;R3). From the definition of E° we
have that |(E<u®)ia| > 2|(Euf)ial, thus, using (5) we deduce that Ce >
| (Eu® )il 12() and consequently (Eu);, = 0. Hence u” € Hpn(Q;R?). The
last part of the statement follows by noticing that (E°u®)s3 = Dsus. a

The set Hpn(92; R?) is the space of Bernoulli-Navier displacements on €2, and
it can be characterized also as (see, for instance, Le Dret [9])

HBN(Q;R?’) ={ve H(}n(Q;R?’) :3dE, € Hgn(O,E),Elfg € Hén(o,ﬁ)
such that v, () = &a(x3), v3(x) = &(3) — &L (23)}-
(7)
The characterization of the twist of the cross section will be much more

involved. We start by stating a Korn’s type inequality.

Theorem 3.2 There exists a constant Ci > 0 such that
/ leHv|*dx < CK/ |Efv|* da, (8)
Q Q

or every v € HY (;R?) and every 0 < e < 1.
y dn y

ProoF. This follows immediately by a result of Anzellotti et al. [1]. Indeed
these authors have proved that there exists a constant C'x > 0 such that

|Do2de < Cx |Ev|? d, (9)
62
€ QE
6



for every 0 € H} (Q.;R?) and every 0 < ¢ < 1. Rescaling this inequality to
Q) we deduce the claim. a

In the next Lemma we characterize the limit of the sequence {e H°u®}
and, in doing so, we introduce the twist angle, ¥, of the cross-section.

Lemma 3.1 Let u® be as in Theorem 3.1. There exist a subsequence of {u},
not relabeled, and a function 9 € L?(Q2) such that

0 — Dgu?
eH u® — V 0 Dzuy | in L*(Q;R>). (10)
—Dgu(l) —Dgug 0

PrOOF. From (5) and Theorem 3.2 we deduce that the sequence e H*u® is
bounded in L?(£2; R3*3) so that, up to subsequences, it weakly converges in
L*(;R3*3) to a matrix H € L*(Q;R3*3). Since, from (5), eE°u® — 0 in
L2(;R3*3), we have eW®uf — H in L*(2;R3*3). In particular, H is, almost
everywhere, a skew-symmetric matrix. Since e(H®u®),3 = Dsug,, we deduce
that (H).3 = D3u®. We conclude the proof by denoting (H)yp := —¢. O

The next lemma shows that 1 is a function of x5 only that is more regular
than a square integrable function. Hereafter we denote by

2R = (—xq, 21).

Lemma 3.2 With the notation introduced in (4) and in Lemma 3.1, we have
that 9 does not depend on x1 and x5, and

1..3C > 0 ||0°(uf)| r2(0,0) < C||E°uf| 120y Ve € (0,1];
2. 9°(uf) =9 in L*(0,0);
3.9 € H}(0,0):={ve H(0,0):4(0) = 0}.

PRrROOF. From Theorem 3.1 and the definition of H¢(u®) we have that

1 _
(Do) = ( 0 > in I2(Q; R>). (11)
Set
. Us 1 [ uj
wy(w3) == — (-, -, 13) — m ?(CE]_,I'Q,Q:?,) drdxs. (12)



By Poincare’s inequality and Lemma 3.2, we have

2
1
||w€||%2(O,K;L2(w)) < Z ||EDO¢U2||%2(Q) < C||5H€U€||%2(Q) < C”E%s”%?(m,
a,B=1
(13)
and hence w§ is a bounded sequence in L*(0,¢; H'(w)). Thus up to a subse-
quence, not relabeled, we have that

wh — wg in L*(0,4; H' (w)), (14)

for some wg € L*(0,¢; H'(w)). Since Dywj = 1/eDyuj we have, by (11),

that
_( Diwy Dowy \ _ (0 =9
(Daws) = ( Dyw;  Dyw; ) - < 90 )
From two of these equations we deduce that w, respectively ws, does not

depend on 1, respectively on x,, and from the remaining two equations we
find that ¥ = ¥(z3). Also, by integration, we find

w(ws)(21,12) = a(ws) + 270 (23), (15)

where we denoted by w = (w1, ws), and where a € L*(0, ).

Since the axes have origin in the center of mass, see (1), we may rewrite
V¢ (u®), see (4), as

11 1
V7 (u°) = L /(xlug — zouf) dxidry = T / 2R we dwydas,

0

and ) .
Y= — / 2R R deda, = = / 2R wdrides.
I() w IO w

Thus, from (13) we deduce item 1., and from (14) we deduce item 2. of the
Lemma.
We now prove item 3. Let ¢ € C§°(w) be such that

I
/wd%d@ = 507

and set )
= — [ curl ¢ - w® dridws,
Iy J,

e



where
curl ¢ := (Datp, —D19)).
Then, from (11) we deduce that

V° — Iio/wcurl Y - wdrydry in L*(0,0).
But
/curl Y -wdridry, = a/ curl ¥ drdzs + 19/ curl ¢ - 2R daydy
= —ﬂ/Dgwxg dzydxs :ﬁ/ngxg dxydxs
= 219/¢da:1dx2 = .
Thus 9° — ¥ in L?(0,£). Since
/Curl -(Dyus, Dous) dzydzy = /a ug curl ¢¥-n ds—/ ug div eurl ¥ dzdzy = 0,
we have that
D31§5 = i/curl Y - Dyw® dridxs
= 1 curl 1 - (M - |w| / Dgu—l’u?)dmldxg) dxidxs

3

= —/curl@b ul,u2) dxidxs

Diué, Dout
_ Curll/) ( (u17u2) +( 1U3, 2ug))dl’1d$2
Io € €
2
= (curl V) (EUu®) o3 dridxs,
I

and hence 9° is bounded in H'(0,¢). Thus ¥° € H} (0,¢) and 9° — 9 in
H'(0,¢). This convergence implies item 3. of the Lemma. O

We now establish the relation between the twist angle ¥ and the limit
strain F.



Theorem 3.3 There exists a function z € H1(0,¢; L*(w)) C D'(0.£); L*(w))
such that
Doz = 2E,3 — (xF)oDs9 for a = 1,2,

and (z, @) has null average on w for every ¢ € D(0,1).

ProoOF. Throughout the proof we shall denote the average on w by

1
[[] :== m/-dxldxg,

and we shall use the notation and some of the results contained in the proof
of Lemma 3.2. With the notation of the average just introduced we can
rewrite, see (12), wj = uj/e — [uj/e]. Define

£ 1 € € €
p° = g(ug — [ug] + Dg[uﬂ]xg),

and note that
D.p° = 2(E°u®) a3 — D3ws,. (16)

Let ¢ € C*°(0, /) be such that 0 < ¢ < 1,1 =0on (0,¢/3), and ¢ = 1 on
(2¢/3,0), and let

Py (21, 79, 3) 1= /013 (21, 9, $)(s) ds.
Since
Dopfy (w1, 12, 13) = /013 Dop®(x1, 29, 8)1(s) ds = —wi (1, T, x3)(x3)
[ 2B (o, )005) + w00 5) D) s,
we have that

1Dapilli2i0) < Collwallizi + (B u)asl 1)

and so, by (14) and (5), (Dapj) is a bounded sequence in L*(€;R?). Since
[p;] = 0, from Poincare’s inequality we find that

2
prp|’%2(w) < CZ HDapZ,H%z(w)a
a=1

10



and therefore (pf;) is a bounded sequence in L*(0,¢; H'(w)). From the defi-
nition of pf, it follows that

Yp° = Dspy,
and hence
[Yp 10,002y = I1Dspylla-10622w))
Jo 05, Dsn da
_ sup e <19 | r 06220 -

nEHL(0,6,L2(w)) ||77||H5(0,Z;L2(w))

Thus (1p°) is a bounded sequence in H~1(0, ¢; L*(w)). Similarly we can show,
by substituting in the previous argument 1 — 1 to 9, that ((1 —¥)p®) is a
bounded sequence in H~1(0, ¢; L*(w)). Thus p* = ¢p°+(1—1))p° is a bounded
sequence in H~1(0, ¢; L?*(w)) and hence there exists p € H1(0,¢; L?*(w)) such
that, up to a subsequence,

p° — pin H_I(O,E; LQ(w)).

Since [pf] = 0, then [(p, p)] = 0 for every ¢ € Hg(0;£).
Letting € go to zero in (16) we find

Dop = 2E,3 — Dywy = 2E,5 — Ds(a + z70),,
where we have used (15). Keeping in mind that a = a(z3), we finally find
Do(p — x5Dsa5) = 2E,3 — (27)4 D39,
and the theorem is proven with z = p — xgDsag. O

REMARKS.

1. For w simply connected Theorem 3.3 can be proven in a much simpler
way. We briefly outline the proof. Indeed, since

D3(€W€U€>12 = DQ(EEUE)lg — D1 (EEUE)Qg,

in the sense of distributions, recalling Lemma 3.1 and passing to the
limit, we find

—D3 = DyE3 — Dy Eys.

The above identity can be equivalently written as

D1(2E23 — $1D3’l9) - D2(2E13 + ZE2D319) = O,

11



that is: the vector field with components 2 E,3—(2R), D31 has curl equal
to zero. Thus, for w simply connected, see for instance Girault and
Raviart [7], this implies the existence of a field z whose (bidimensional)
gradient is the vector field (2E,3 — (zR),D39).

2. Since F € L*(;R33) and ¥ € H'(0,¢), from Theorem 3.3 we have
that z € H7'(0,¢; H'(w)) and not just in H'(0,¢; L*(w)). Here-
after we shall denote by H~1(0,¢; H! (w)) the set of functions z €
H='(0,¢; H'(w)) such that (z,¢) has null average on w for every ¢ €
C5e(0,0).

4 The limit energy

To state our main theorem we need to introduce some notation. The energy
density for an isotropic material is

1
F(A) = JCA- A= AP + S,

where A and p are the Lame’s parameters, and C is the elasticity tensor
which satisfies (2). The limit energy shall be defined by means of

folar,as,a3) :==min{f(A) : A € Sym, A;3 =, fori=1,2,3},
that is

FE
fo(alv Q, 043) - 2/1(0&% + Oég) + 50&37 (17>

where E = u(2u+ 3X)/(pw+ M) is the Young modulus. The next lemma,
which involves part of the energy density fy and the characterization of Fi3
and Fo3 given in Theorem 3.3, will be useful to deduce the limit energy.

Lemma 4.1
inf{2u/ EY+ Eldr : 32€ H 10,4, H (w)) s.t.
Q
Doz = 2B, — (2R) D30 for a = 1,2}

4
= g/|D§0+IR|2d(L’1dl’2/ D3192d$3,
w 0

12



where ¢ is the torsion function, i.e.,

Np =0 mn w,
Do-n=—xf-n onow, (18)

[, pdxidry = 0.

Proor. Troughout the proof, D shall denote the bidimensional gradient.
The infimum stated in the Lemma is equal to

min r / |Dz|? + 2Dz - 2R Dyt + |2R D3| d (19)
z€H-1(0,6;HL, (@) 2 Jq

where the minimum is actually achieved for z = ¢ € L*(0,¢; H} (w)), as
follows by an application of the direct method of the calculus of variations.
Thus, $(x3) € H! (w) satisfies, for almost every z3 € (0,/), the following
problem

Ap(x3) =0 inw,
D@(x3) -n = —aR-nDsd(x3) on dw,

where n is the outer normal to dw. Thus
O = SOD?,??

where ¢ is the torsion function defined in problem (18). The end of the
proof is simply achieved by computing the minimum value (in z = ¢D31}) of
problem (19). O

The quantity
g/|D§0+$R‘2d$1dl’2,

appearing in Lemma 4.1, is called the torsional rigidity of the beam. Usually
it is not expressed in terms of the torsion function but by means of the so
called Prandtl stress function that we are now going to introduce. This new
function can be defined thanks to the following theorem whose proof can be
found in Girault and Raviart [7].

Theorem 4.1 A function v € L*(w;R?) satisfies

{ diveo =0 m w,
<’U'n,1>H71/2(7h)XH1/2(,Yh) =0 fOTh:O,l,...,],

if and only if there exists a function g € H'(w) such that

v = curlg := (Dag, —D1g).

13



The function Dp+2R, thanks to problem (18), satisfies the assumptions of
Theorem 4.1 and therefore there exists a function ¢ € H'(w), called Prandtl
stress function, such that

curly) = Dy + . (20)

Thus, the torsional rigidity can be simply written as

g/|D<,0+:L‘R|2dx1dx2: g/|curlw|2dx1dac2 = g/|Dw|2dx1dac2. (21)

The Prandtl stress function can be computed directly without making
use of the torsion function. Indeed from (20) we deduce that Ay = —2 in w,

and
curly - n = 0 on each ~p,. (22)

Since 0 = curly - n = Dt - t, where t = (—ng,ny) denotes the tangent unit
vector to Ow, we deduce that v is constant on each ;. Since v is defined up
to a constant we may set ©» = 0 on vy and ¢ = kj, for h =1,..., 1, where ky,
are constants. Also, we have

O:/ Dcp-tdSZ/(Curl¢—xR)-td3:/(—Dzﬁ—x)-nds,
o0 o0 Th

thus
/ Dy -nds = —/ T-nds= / dive dridry = 2Ay,
Yh Yh Wh,

where A, denotes the area of wy, for h =1, ..., I. Therefore the Prandtl stress
function satisfies

N = =2 in w,
=0 on o,
b=k on, for h=1,... 1, (23)

f%qu-nds:QAh, forh=1,...,1I.
We now prove a technical lemma.

Lemma 4.2 Let {u®} be a sequence of functions in the space H} (2;R?). If
sup, F(u®) < +oo, then (5) holds for some constant C' > 0.

14



PrOOF. By assumption there exists a constant ¢ > 0 such that, for every ¢
we have

1
cz F.(uv) 2 EHEEUEH%Q(Q) — [[bll2o ||| z2(0) = Ml L2(0,0[19° (W) 200,
u u
> ZHEEuEH%Q(Q) + ZHEUEHim) — (1w F2q) + 197 (u®)[[720,0)) — Chn
H €, & H € ~ € £, €
> JIEu 720y + 7 1Bu 1720y — nC (1 Eu®|[72(0) + | E°Uf]|T20)) — Cy

where in the last inequality we have used Korn’s inequality and item 1. of

Lemma 3.2. Since 7 is arbitrary, the claim follows by taking 7 small enough.
O

We finally state and prove our convergence result.

Theorem 4.2 Let v be the Prandtl stress function defined above and let
F:H! (R x H) (0,0) = RU {400} be defined by

E L
F(v,9) ::/g|D¢D319|2—|—§|D31)3|2dx—/b-vdx—/ mddrs (24)
Q Q 0

if v € Hpn(;R3), and +o0o otherwise. As e — 0, the sequence of functio-
nals F., defined in (3)-(4), I'-converges to the functional F, in the following
sense:

1. (liminf inequality) for every sequence of positive numbers €, converging
to 0 and for every sequence {u*} C H} (2;R3) such that

ub —u® in H(Q;R?), (exWeruF) 1y — =9 in L*(Q),
we have
lim inf F., (u*) > F(u°,9);

k——+o0

2. (recovery sequence) for every sequence of positive numbers ey, conver-
ging to 0 and for every (u°,9) € H} (Q;R3) x H} (0,0) there exists a
sequence {u*} C H} (Q;R3) such that

ub —u® in H*(Q;R?), (exWekur) 1y — 0 in L*(),
and

limsup F, (u¥) < F(u°,9).
k—4o00

15



PrOOF. Let us prove the liminf inequality. Without loss of generality we
may suppose that

liminf F., (u*) = lim F,, (u*) < +oo.
k—+o0 k—+o0

Then Lemma 4.2 applies to the sequence F., (u*). Hence assumption (5) is
fulfilled and the results of Section 3, namely Lemma 3.2 and Theorem 3.3,
hold true.

Denoting the work done by loads, L. := F. — I., where F. and I. are
defined in Section 2, using Lemma 3.2 and the convergence assumptions on
the sequence {u*}, we can see that

‘ ‘
Lsk(uk):/ﬂb-ukder/o mﬁek(uk)dxgﬁ/ﬂb-vder/o mv dxs.

Thus we have only to prove that

E
lim inf I, (u¥) > /g|D¢D319|2 + E|D3ug % du. (25)
Q

k——+o00

By definition of f, we get

liminf I, (u") = lim 1nf/ f(ESs "

k—+o00 k——+4o00

> liminf/ Jo((BTuP) 13, (Bu")g3, (B U )s) da
Q

k—4o00

> / fo(E1s, Eag, Es3) dx
Q
2 2 E 2
= 2ILL (E13 + E23) dQT + — |E33| dﬁ,
Q 2 Ja

where in the last inequality we have used the convexity of fy, and where
E;5 satisfy the properties stated in Theorem 3.1 and Theorem 3.3. Thus by
Lemma 4.1, (21) and Theorem 3.3 we deduce (25).

Let us now find a recovery sequence. Let F(u° 1) < +o00, otherwise there
is nothing to prove. Then v’ € Hpyn(;R?) and ¥ € H} (0, 7).

We start by assuming that u° and ¥ are smooth and equal to zero near by
x3 = 0. By (7) there exists £ smooth and equal to zero near by z3 = 0 such

16



that u® (z) = &,(23), and ud(z) = &(x3) — 2.&.,(23). Let u® be the sequence
defined by

1%
ujp =& —exal + 525( — 238 + 2T+ 2wl — 214 E5)

v
u; =& tend+ 825( — @&y + 385 + 201258] — 223) (26)
uy =& — 118 — 228, + e D3V

where v = \/2(A+p) is the Poisson’s coefficient, and ¢ is the torsion function
(with zero mean value). We have that «° is equal to zero in x3 = 0 and

<€W€U€)12 = —9 + O(Ef)
U (u) = 94 0(e),
Eut = Z(u3,v) + O(e),

uniformly, where
—vD3u, 0 (D1 — x9)D319/2
Z(ug,v) = —vD3ul (Do + x1)D30/2
sym Dsu

By (20) we also have

—I/Dgug, 0 D2¢D3’l9/2
Z(ul,9) = —vDsu) —DyDg9/2 |, 27
3 3
sym Dsu

and a direct computation shows that

P28, 9)) = fol 3 Dot Dy, 5 D1 Dy, D).

Therefore,
L) = [ 1208 0)do +0(e)
— /Q fo(%pzwpgﬁ,—%plwgﬁ, Dzug) dz + O(¢)
= [(E1DuDuof + SIDai) do +0(e).
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Thus
F.(u®) = F(u°,9) + O(e),

which, together with the equalities above, implies that {u®*} is a recov-
ery sequence. The proof of the general case, i.e., v’ € Hpyn(2;R?) and
v € H} (0,0), is achieved by approximating u” in H' by smooth functions
vanishing near by z3 = 0 and concluding with a standard diagonal argument.
O

REMARK. If v € Hpy(Q;R?) then there exist &, € H3 (0,¢) and a & €
H} (0,¢) such that v, (z) = &4 (x3), v3(z) = &(x3) — 2a&(23). Then

1 ¢ 2 2 2 2
F(U,’ﬂ) = 5/0 (EAfé + EJgfil + EJlfg +,LLJ{£9, )dl’g

l
- /0 (Fis + foo + faa + 1€, + Fo + i) dzs,

where we simply denoted with a prime the derivative with respect to x3 and
where we set

AZI/ d.’L’ldIQ, Jl 2:/373d$1d$2,
Ji ::/]quy?dxldxg, Jo ::/xfdxld@,

and
fi I:/bid.fllldxg, Ca I:/—QZngdLUld.TQ.

5 Error estimate

For every ¢ € (0,1] let u* € Hj (€;R?) be the minimizer of the three-
dimensional problem, i.e.,

.
= e )

and let (u,9) € Hpn(;R3)x H} (0, ) be the minimizer of the limit problem,
that is

F(u,9)= min F(v,0).
(U,ﬁ)EHBN(Q;RS)XH;n(O,Z)
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From

(7) there exist &, € H3 (0,¢) and & € H} (0, () such that

Ua() = Ea(w3), uz(w) = &§3(3) — 20, (23).

We make the following regularity assumption on the loads

(H)

m € L*(0,0), by € L*(Q), by € H*(0,¢; L*(w)).

Under this assumption, using the minimality of (u, ), we obtain that

£, € H3 (0,0) N H*0,0), &€ Hy (0,0) N H*(0,0), 9 € H (0,0) N H*0,7).

(28)

To make a comparison between u¢ and the solution (u, ) of the limit problem,
we consider the sequence defined in (26) for (u, ). In fact, in order to satisfy
the Dirichlet boundary condition we correct such a sequence by means of a
perturbation of order £2.

Let

Let x*

Yi(w,wa) = = (= 22E(0) + 22€1(0) + 2212265 (0) — 221£4(0)),

2

v " " " ,
Yo(T1,02) = 5( — 2785(0) + 2365 (0) + 2312287 (0) — 222€5(0)),
Y3(x1,23) = epD3(0).

: [0, ¢] — [0, 1] be the continuous piecewise affine function of x5 defined

by x¢(0) =1, x*(¢) = x°(¢) = 0.
Let us denote by @° the (recovery) sequence

~&

v

=& — exp¥ + 625( — 238 + 2T+ 2mwall — 20185) — 2,
v

= 52 + €ZL’119 + 825( - $%§g + I%gg + 2[E1(L’2£1/ - 21‘25&) - 82’)/2)(6,

= &3 — 118 — 1€ + D3 — ey’

Theorem 5.1 With the notation above and under assumption (H), there

exists

a constant C, independent of €, such that

1B (u® — %) || 120y < C/e.
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PROOF. Let

w® i=u® — U,

Since uf is a minimizer of F., we have that
F&(aa) > FE(UE) — F&(,&/a _|_ wE) —

CE*w*® - Efuw® dx — / b-wtdx +
Q

1
— F(3f) + =
@)+ |

)
—/ m Y% (w®) drs + / CE®u° - E*w® dx,
0 Q
from which we deduce that

¢
1B (w)]1 720 SC’}/QCE%‘E~E5w€das—/gb-wadx—/0 m ¥ (w®) dus|.

(29)
In the sequel we estimate the right hand side of the inequality above. We
start by computing CE®u°. A direct computation shows that

E = Z + R, (30)
where Z := Z(u,?) is defined in (27) and R° is defined by

R}, = —Dimix°, R5 = —Dayx°, Ri3=—eyx”,

Doyi + Diya .
— 5 X

R, = —
12 v 9 )

v 1
RiB = 61( — 13351// + 13%51// + 21’11’255/ — 2$1£g) — 5 (571)(6/ + D1’73X€),

v 1
Ry = 51( - 95% 2 + 95%55/ + 2xq 298] — 29025:/;’) - 5(5’72)(8/ + D2’73X€)-

From the definition of x¢ we deduce that

1R || 220y < CVe, (31)

where the constant C' depends on the following norms: ||vi|| 22wy [[PgVallL2(w)s

| DavsllL2(w)s 160 Ml 220,00, and (15| 2(0,0)-
Since

(CZ)ap =0, (CZ)13 = puDyp V', (CZ)o3 = —puD1p V', (CZ)33 = EDsus,
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we find
Dswi + Dyws Dsw§ + Dows
/ CZ-Euwfdr = / pDyp ) LIS g 2 T
Q QO g g
+ED3U3 D3w§ dx
v _
= / m curly - (Dsw® + Dw;) + EDsus Dsw§ dx (32)
o €
o’ i}
= — curly - D3w® + EDsusDsws dx,
o €
where w° := (w$,w), D := (D1, Dy), and where in the last equality we used

the divergence theorem and the condition curle - n =0 on dw, see (22).
Substituting (30) in (29) and using (32) we find

1B (w®)|| 221y < CUI° + II° + IIT¥), (33)
where
IF = | / CR® - E*uwf dx},
¢
1 = | —curlz/) Dsw® dx—/ m Y (w
0
ur = | / EDgusDsw§ — b w® dz|.
Q
From (31) we easily find that
I° S C“RE||L2(Q) ||E6U)EHL2(Q) S C’\/§||E5w5||L2(Q) (34)
Concerning the second term in (33) we have
/“9/ L
II° = | [ Y= cuwly - Ds(e9" (wf) curlyp) da — / m Y% (w®) drs +
Q € 0

+/ M_ﬁlcuﬂqﬁ - D3(w® — €% (w®) curl ¥) dm}

= ‘/ | DY |9 9° (w da:—/mﬁ “)dxs +

L[ curl ¢ - Dy [w° — (][ @0° dzydzy + a0 (w))] dx +
Q ¢ w
!/

+ % curlt - D3 [][ W* daydey + e(a® — curl )9 (w®))] dz|.
Q w
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The first line of the identity above is equal to zero because (u, ) is a mini-
mizer of ' and hence it satisfies the Euler-Lagrange equation

¢
/ p| DY 2 ' do — / mndrs =0 for every n € Hy, (4 R). (35)
Q 0

The last line is also equal to zero since, by (23), we have

I
/Curlwdxldxgz— zptds:—Zk;h/ tds =0,
w Ow h=1

Th

and, using (20) and the fact that curly - n =0 on dw, we deduce

/curlw (2R — curly)) daydry, = —/ curly - Dy dxidz,
= —/ pecurly -nds = 0.
ow

Thus, since w°(x1,22,0) = 0 and ¥°(w®)(0) = 0, and since p'(¢) = 0 as a
consequence of (35), we find

e = /—curlw Ds[w* —(][w dzydxy + eaR0° (w%))] da|

(][ w° dzydas + exR0° (w))] dz|
< g||79”\|L2<o,e>H <]£ @ dordry + "9 (w)| o)
Applying the bi-dimensional Korn inequality
o = (f 0 dords + 20 () s < CNEW sl
which holds almost everywhere in (0, ¢), and, integrating over (0, ¢), we find
Hwa—(][ ¢ daydry+exRoe (w HL2(Q < O|[(Bw®)apll2(0) < C2|| E“wf || 120

Thus,
1I° S CE||’[9H||L2(0’@||E6U}€HL2(Q). (36)
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Finally, we estimate I1I°.
Since (u,?) is a minimizer of F', we have

/ EDsusDszz de = / b-zdx for every z € Hpn(Q;R?). (37)
Q Q

Thus, for any 2° € Hpy(Q;R?), we may write
ar = | / EDzu3Ds(w§ — z3) — b (w® — 2°) dw|
Q
= | /(ED3D3U3 + bs) (w5 — 25) — ba(w® — 2%),4 dal.
0

where we have used here the fact that Dsug(zq,x2,¢) = 0 which follows from
(37) . We now take for 2 the projection of w® on the Bernoulli-Navier space,
that is

2 :][ wg, drydxy, 25 :][w§ drydry — w425 .
With this choice, usic:lg Poincaré inequalit;, we have
lwg = 2allz2) < ClIDpwllrz) < Ce | H wf|| 12
and, integrating over (0, ¢) and using Korn inequality, we deduce
lwf, = 2Ellz2@) < C*[ H 0| 120) < Cel| E*uf | r2(0)-

To estimate w§ — z5 we shall use a partial Korn inequality, see Theorem 7.2
and Theorem 8.1 of [11], which implies that

Jws — Zé”?Hl(O,Z;LQ(w)))/ < C(||(Ew5)a5||%2(m + ||(Ew5)a3||%2(n) +
+53H(E€wg)”%2(m)
< Cle* + e + (B ) |22
< CE|(B w) |72 (0)-
Hence
re < Ce(||ED3Dsus + bsll o522 + 1]l 2oy I1(E°w) [l r2().

where ||ED3Dsus + bs||m(0,0:02(w)) is finite by (28) and assumption (H).
From (33), (34), (36), and the last inequality we obtain the claim of the
Theorem. a
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REMARK. The rate of convergence /¢ appearing in Theorem 5.1 comes to
the estimate of /¢, and it is due to a boundary layer of width ¢ in which the
boundary condition are accomodated. For an unconstrained beam we would
obtain, with the same proof, an estimate of order ¢ instead of /.

Corollary 5.1 Under the same notation and assumptions of Theorem 5.1,
there exists a constant C, independent of €, such that

Ju® — ull ) < CVe.
ProoF. By Korn inequality, for any ¢ € (0, 1], we have
= @l ey < KB — 0 ooy < KIE (0 — @) | 130) < COVE,

and the claim follows from the definition of «°. O
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