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Abstract

In this paper we report the second part of our results concerning the
rigorous derivation of a hierarchy of one-dimensional models for thin-
walled beams with rectangular cross-section. Denoting by h and 6, < h
the length of the sides of the cross-section of the beam, we analyse the
limit behaviour of a non-linear elastic energy which scales as €2 when
Eh/(sh — 0.
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1 Introduction

The purpose of this paper is to continue the rigorous derivation started in [8] of
a hierarchy of one-dimensional models for thin-walled beams. As explained in
Part I, geometrically, a thin-walled beam is a slender structural element whose
length is much larger than the diameter of the cross-section which, on its hand,
is larger than the thickness of the thin wall. To model it, we consider a beam
of length ¢ with a rectangular cross-section of sides h and d;, with

57h h—0

h— 0 and 5 — 0.

After rescaling the domain the elastic energy rewrites as

Ih(y):/W(Vhy(x))dx, with Vyy = <y1y293>
Q h ~ o
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where W denotes the elastic energy density of the material, while y and Vyy

denote, respectively, the deformation and the rescaled deformation gradient.
We let (y") be a sequence of deformations for which the energy scales as €2,

where (g1,) is a sequence of positive numbers; more precisely, we assume that

I"(y") < Cej (1)

and we study the I-limit of the sequence of functionals I" /2. The expression
of the I'-limit depends on the behaviour of €; with respect to the intrinsic scale
On. More precisely, we identify three main regimes:

)
e subcritical: -~ "9 0;

€h

e critical: 6—h =0 1;
Eh
o On h—0

e supercritical: . — +00

The subcritical and the critical regimes have been studied in [8]. In this
paper we focus on the supercritical case.

Assuming ¢, /5, — 0, we first show that, if a sequence of deformations (y")
satisfies (1), then the rescaled gradients V,y" must converge, as h — 0, to
a constant rotation (Lemma 3.1), which can be assumed to coincide with the
identity, up to an orthonormal change of coordinates. Therefore, we expect to
have linearization effects in the limiting energy. For this reason we introduce
the sequence of displacements (u") and of twist functions (9") associated with
(y") and study their compactness properties (see Lemma 3.7). This part of the
proof deeply relies on the rigidity estimate obtained by Friesecke, James, and
Miiller [9].

We then show that the I'-limit of Ih/s,%, as h — 0, can be expressed in terms
of the limit displacement u and of the limit twist function ¢}, and depends on
the existence and on the value of the following limit:

— ] €h

s 62
We distinguish the three regimes r = 0, 7 = 400, and r ~ 1. By a rescaling of
the cross-section, the last one can be reduced to the case r = 1. If r € {0,1},
we first prove that the limit displacement u must belong to the set APV of
Bernoulli-Navier displacements (see Definition 3.6). Moreover, in Theorems 3.11
and 3.14 we show that for these values of  the I-limit of I /&2 is the functional

I ABN x W12(0,4) — [0, +00) defined by

0 4 £
7 (u, 9) ::i/ Qa( é’ﬁ')dfcﬁ%/ E(éH%(sg)Q)Qdmi/ E(&5)" da
0 0 0

for every (u,9) € ABN x W12(0, /). Here the functions & € W12(0,4), &, &3 €
W22(0, /) are such that

ur(z) = &1 (21) — w2by(21) — 2383(w1),  ua(z) = &a(21), uz(x) = &3(x1)



for a.e. x € Q. The density function ()2 is a positive definite quadratic form,
while F is a positive constant, and they both can be easily computed from the
knowledge of W (see (6) and (7)). If the beam is made of an isotropic material,
the constant E coincides with the Young modulus of the material.

If, instead, r = 400, we prove that the limit displacement v must have the
following structure: for a.e. x € Q

ui(z) = &1(w1), u2(z) =0, wus(z)=_E(r1),

with &1, & € W22(0, /) satisfying
1
6 =2

We denote by A> the set of all displacements in W?22(Q; R3) satisfying these
conditions. Assuming in addition that
hQEh
lim —— =
K0 62 0 @)
in Theorems 3.11 and 3.12 we show that, for r = 400, the I'-limit of Ih/e,% is
given by the functional

l
1°(u, 9) = i/ Qs(ull, ') das
0

for every (u,d) € A® x W12(0,¢).

Assumption (2) is crucial in the construction of the recovery sequence.
Heuristically, it allows us to stretch the mid-plane, i.e., the z1xo-plane, by defor-
mations of order €, /(8,/h)%2. When limy,_.qep,/(5,/h)? # 0 the mid-plane must
undergo a deformation which is very close to an infinitesimal isometry. For this
reason we conjecture that, in this range, the I'-limit should coincide with the
I-limit of the geometrically linear Kirchhoff functional for a rectangular plate
(see [10]), representing the mid-plane of the beam, when the length of one of
the two sides approaches zero.

I'-convergence results for thin-walled beams were obtained within the theory
of linear elasticity in [5, 6, 7], while I'-convergence results for beams within the
nonlinear framework were deduced in [1, 12, 13, 14, 15].

The paper is organized as follows. In Section 2 we recall the setting of the
problem and some preliminary results. Section 3 is devoted to the discussion
of the supercritical case. Finally, in Section 4 we introduce applied loads and
prove convergence of minimizers.

The notation is the same adopted in Part I of the present paper, to which
we refer for details.



2 Setting of the problem and preliminaries
Let
Qp, = (0,0) x wy, C R3,
where
Wp, = {(22723) : |ZQ| < h/2, |Zg| < 6h/2} - RQ
with A > 0, §; := 1 and
lim 5h/h =0.
h—0
Henceforth we shall refer to €2, as the reference configuration of the body
and denote the elastic energy associated with a deformation v : Q;, — R? by

EM(v) := W(Vu(z))dz.
Qp

We assume that the stored energy density W : R3*3 — [0, +-00] satisfies the
following assumptions:

1. W e C%(R3*3), W is of class C? in a neighborhood of SO(3);

2. W is frame indifferent, i.e., W(F) = W(RF) for every F € R3*3 and
R € SO(3);

3. W(F) > Cdist*(F,SO(3)), C > 0; W(F) =0 if F € SO(3).
A key role will be played by the following quadratic form:

3 2
mER = S I (hEFe, FerR¥E (3)

O*W
Qs(F) ==
i,k l=1 OFij0F

T OF?

In view of 3 this form is positive semi-definite and hence convex. Moreover, by
1 and 2 we have that (see, e.g., [11, Section 29])

F+FT)

Qs(F) = Qs (—5

(4)

In the special case when the energy density W is isotropic, that is, W(RFQ) =
W (F) for all F € R3*3 and R,Q € SO(3), then it turns out that

Q3(F) = 2ule)? + A(tre)?, e= r +2FT (5)

for some A, p € R.
The limit problems will be stated in terms of the density function

Q2(a, B) :=min{Q3(A) : A€ R¥>3 AT = A, Ajy = a, Ao = B},  (6)
and of the constant

E:=min{Q2(1,8) : B € R} =min{Q3(A) : AcR>3 AT = A, A}, =1}.
(7)



Let us remark that Q2 is a positive definite quadratic form and £ > 0. More-
over, in the isotropic case where Q)3 takes the form (5), a simple computation
shows that

Q2(av, B) = 4pp® + Ea?,
and F = ,uQZf)’\)‘ is the Young modulus of the material.

To state our results it is convenient to stretch the domain €2, along the
transverse directions zs and z3 in a way that the transformed domain does not
depend on h. Let us therefore set w := wy, Q := Qq, and let

Ph - O — Qh
be defined by

pu(x) = pr(z1, 72, 23) = (21, hv, 6p13). (8)

Let us consider the following 3 x 3 matrix

Y2 Y3

V 1 = ) ) b 3 9
nYy (y L, ) (9)
where y,; denotes the column vector of the partial derivatives of y with respect

to z;, i = 1,2,3. Then we can consider the rescaled energy I" : Wh2(Q; R?) —
[0, +00] defined by I"(y) := h—};hEh(y opy ), ie.,

ﬂ@:éwwwwm

for every y € Wh2(Q; R?).

Throughout the rest of the paper () will denote a sequence of strictly
positive real numbers. We conclude the section by recalling a result proven
in [8, Theorem 3.2 and Lemma 3.3] and concerning some general compactness
properties for sequences of deformations with equibounded energy.

Lemma 2.1 Let (y") be a sequence in W2(;R3) such that

1
2

( /Q distQ(Vhyh,SO(S))dx) < Cen (10)

for every h > 0. Then, there exist two sequences R" : (0,€) x (—=1/2,1/2) —
SO(3) and ~
R € C%((0,0) (5, 1R
such that
1. Héh—Rh||L2 < Cey, HRh_RhHLoo SChl/QEh/(Sh,
2. thyh — Rh”Lz < Cey,
3. HR’thL2 < Cey/on, ”RZHL2 < Chey /on,

where the constant C may change from line to line. Moreover, if in addition
h'/2ey, /61 — 0, then we can take

4. RM(z1,32) € SO(3) for every (x1,22) € (0,€) x (—1/2,1/2) and every
h > 0.



3 The supercritical case

This section is devoted to the study of the asymptotic behaviour of a sequence
of deformations (y") C W12(Q;R?) satisfying

"y = / W(Vuy")de < Ce2 (11)
Q
for every h > 0, where
. Eh
fm 5, = O (12)

Under these assumptions, properties § and 4 of Lemma 2.1 imply that the
sequence R" converges weakly in W12 to a constant rotation R. In the next
lemma we introduce suitable rotations and translations of the coordinate system
in such a way to deal with a limit rotation equal to the identity.

Lemma 3.1 Let (y") be a sequence in W'2(Q;R3) satisfying (10) and let (R")
be the sequence constructed in Lemma 2.1. Then, there exists a sequence of
constant rotations Q" € SO(3) such that, setting R" = QhTf%h and g =
QhTyh — ", where ¢ is any constant, we have

1. thﬂh — RhHLz < Ceyp,

IS
‘Lz S Chi:
h

R 2 < E—h Rh
2. HR ,1||L 705};’ ||R ,2 5

3. | R —I|| 2 < C22,
On

where the constant C may change from line to line. Moreover, if in addition
(12) holds, then for every h small enough we can take

4. RM(z1,22) € SO(3) for every (w1,72) € (0,0) x (—1/2,1/2)

and
/ (Vi = Vag ) dz = 0. (13)
Q

PROOF. By Sobolev-Poincaré inequality there exist some constant matrices
Q" € R3*3 gsuch that

~ ~ ~ €
|B" — Q"> < CIVRY|| 12 < ci, (14)

where the last inequality follows from property 3 of Lemma 2.1. Let R" be
the sequence of approximating rotations constructed in Lemma 2.1. The first
inequality in I of that lemma and (14) yield

€

||Rh - C»?h||L2 S Civ
On



and since R" € SO(3), this implies that

dist(Q", SO(3)) < czi.
h

Thus, there exists Q" € SO(3) such that

Q" - Q" <03
h

Setting B" := Q"" R" and using (14), we obtain
o ~ ~ ~ ~ ~ ~ Eh
1B~ Ilis = IR = QMoo < 18 = Qs + Q" - @2 < O,
that is, property & of the statement for the sequence RM. Moreover, setting
g = QhTyh — ¢", where ¢ is any constant, we deduce properties 1 and 2 of
the statement for (") and (R") from properties 2 and 3 of Lemma 2.1.
Assume now (12). Property 4 of the statement for (R") follows immediately

from 4 of Lemma 2.1. In order to satisfy also (13) we need to modify the
constructed sequences. Let

Then, from properties I and 3 for the sequences with an over-hat, we have

o1 < ][|vhyh—f|dxsc||vhyh—f||m
Q

IA

~ s D €
C(IVug" = BMzz + |R" ~Ilp2) < CF1 (15)

By (12) this implies, in particular, that det F'* > 0 for h sufficiently small. Thus,
by the polar decomposition theorem, there exist P" € SO(3) and a positive
symmetric matrix U" such that F* = P"U". Since |U"—1| = dist(F", SO(3)) <
|FP — I|, we have

PP =1 < |P"— FY 4 |F" 1| = [U" — 1| +|F" 1| < OF*, (16)
h

where we have used (15). We claim that
Qh = QP RM = PhTRh7 gh = PhTyh _ QhTyh _h

satisfy properties 14 and (13) of the lemma. Indeed, conditions 1, 2, and 4 are
immediate, while 3 follows from (16), since we have

IR" = I][z2 < ||B" = R"| 2 + | R" = Illre = |P" = I||z2 + | R" — 1| 2.



Finally, since V7" = PhTthh, we have

T T T
/Q (Vg — V" Vde = QP F — (PP EMT)

Q| —u"") =o,

hence also (13) is satisfied. O

Remark 3.2 Since the energy density W is frame indifferent, the energy I" on
a deformation y does not change if a rigid motion is superimposed to y; therefore,
a sequence of deformations (y") satisfying (11) is not, in general, bounded in
any reasonable space. In Lemma 3.1 to obtain bounds we have superimposed
an appropriate rigid motion r"(x) := Qth — ¢ to each deformation y". The
motion 7" is not uniquely determined; indeed, if we replace Q" by Q" exp(5-K),
then properties 1, 2, 3 are still satisfied and condition 4 may be obtained arguing
as in the proof of the lemma. However, one can easily show that if (Q") and
(Qh) are two sequences of constant rotations for which the lemma is true, then

Q" — Q" < C5t.

In the next lemma we study the implications of the bounds obtained in
Lemma 3.1.

Lemma 3.3 Assume (12). Let (y") be a sequence in W12(;R3) satisfying
(10) and let (R") be the sequence constructed in Lemma 3.1. Then there exist
three tensor fields A € W12((0,0); R**3), B € L*((0,0) x (—3,3);R**®), and
G € L2(;R3%3), with A and B skew-symmetric, such that, up to subsequences,

h Rh -1 . 1.2 1 1 3x3
1. Ab = en/on — Ain WH2((0,€) x (=3, 3);R¥3),
Rt—1 A% :
2 sy oy = g in (0,0 x (-3, 51 R,
b Rh)g R . 2 1 1)\.m3x3
3. Bh .= Ten o B in L*((0,£) x (=3, 35); R%*?),
Rthhﬂh—I
4G i= S G in QRS),
h

Moreover, we have

5. A,162 = Bel, hence A12’1 = Blg =0 and A23’1 = Bl3 a.e. in (076) X
(_%7 %)}
0. G(.’I?)@l = .133A,1(.131)63 + é($1,$2)€1 fO?" a.e. r € Q,

7. G(z)es = x3B(z1,2)es + G’(:rl,xg)eg for a.e. x € Q,



for a suitable G € L*((0,0) x (=1, 3);R3X3).

PROOF. By 3 of Lemma 3.1 the sequence A" is bounded in L?, hence it admits
a subsequence which converges weakly in L?. Let A denote this weak limit. By
2 of Lemma 3.1 we have that Afg — 0 in L?, while the derivative with respect
to 1 is bounded in L2. This implies that, up to subsequences, A" — A weakly
in W12 and that the limit A is independent of z5. Since R* € SO(3), we have

Ab 4 AT = —%AhTAh, (17)
h

and passing to the limit as A — 0, we obtain that A + AT = 0.
We now prove 2. By (17) we have that

RM—1T Al AT AR

Ssym = Sym =
Y (en/0n)? Y en/on 2

The claim now follows from 1, the compact embedding theorem, and the fact
that A is skew-symmetric.

Let us prove 3. The weak convergence of a subsequence of B" follows from
the second estimate in 2 of Lemma 3.1. Let us call B its weak limit. Since

O(RhTRh) B Rhg mh 4 T Rh 4
N hEh/(Sh ,27h6h/(5h hEh/(sh,

we deduce that sym B = 0 by passing to the limit and using 3 of Lemma 3.1.
Convergence 4 is an immediate consequence of 1 of Lemma 3.1.
Property 5 follows from the equality

b oo — (Rhez —Q,}Lz/h> n (?7,h1 - Rh@l) n RN 5e;
172 eh/éh ,1 h{:‘h/éh ,2 h€h/6h

Indeed, by using I of Lemma 3.1 and 3 to pass to the limit we obtain A je; =
Bej. This rewrites as A;21 = B;; for ¢ = 1,2,3, from which the remaining
relations in 5 follow by using the fact that A and B are skew-symmetric.

To prove 6 we note that in H—1(€2; R3*3) there holds

in H™1(Q;R3%3),

g%/éh — Rheg) (Rheg — 63)
5h/5h ,1 5h/5h ,1

and, using 1 and 3 of Lemma 3.1, and 7 and 4 already proven, we find

(R}LGhel)’?, — (

Gser = Aes,
from which we obtain 6. Equation 7 can be proven similarly. O
Hereafter we assume that the following limit exists:

r:= lim — (18)

2
h—0 07



Without loss of generality, we may assume that r € {0,1,+00}, by possibly
changing the value of the constant C, appearing in (11), and by taking wy, =
(—ah/2,ah/2) x (=bdy/2,bd,/2) for appropriate constants a and b.

In the next lemma we take a closer look at the rescaled displacement gradient.

Lemma 3.4 Under the same assumptions of Lemma 3.8, we have

Vh[l]h -1
€n/on

i. the sequence ( ) admits a subsequence which converges to A in
L2 (97 RBXS))

where A is the field introduced in Lemma 3.3. With r defined as in (18), the

following statements hold:

Vh:ljh - I) A?

1. if r = 400, then, up to extracting a subsequence, sym (72 - —
(en/0n) 2

in L2(Q; R3%3),
iii. if r € {0,1}, then sym (V}Lif) is bounded in L?(;R3*3).
h

PrOOF. Statement i follows by observing that
thh—l_vhgh—f%h +Rh—l
Eh/(sh Ehn h €h/6h

and using 1 of Lemma 3.1 and 1 of Lemma 3.3.
Assume now (18). Statement i follows from

“h _ “h _ phy 52 ph _
sym (Tghhy/(;h);) = sym (Vhygh R )% + sym <7(fh/5h)j2)

and by 1 of Lemma 3.1 and 2 of Lemma 3.3.
Similarly, for ii we have

swn(th;I>SWH(Vh?;BW)+SWn(éfﬂM;)Z% 0

and again the claim follows from 1 of Lemma 3.1 and 2 of Lemma 3.3. a

(19)

We now define two sets of displacements which will play a crucial role in
what follows.

Definition 3.5 Let A be the class of all displacements u € W22((0,£); R?)
satisfying the following property: there exist &1, €3 € W22(0,£) such that

U1 zflv ’UQZO, u3:€37

with 1
€ = -5 (21)

10



Definition 3.6 Let ABN be the set of (Bernoulli-Navier) displacements u €
WLE2(Q;R3) satisfying the following condition: there exist & € WH2(0,/4),
&, &3 € W22(0,0) such that

up =& — @2y — w385, up =&, uz = &s.

Let

A A> if r = +o0,
T ABN ifre {01}

In the next lemma we introduce the twist of the cross-section and we study
its convergence together with the convergence of the displacements.

Lemma 3.7 Under the same assumptions of Lemma 3.3, let 9" : (0,£) — R be
defined by
gno_ 11

(Sh _h
- 7 3
Iyen w

(*962?/

A — 2374 ) dwadas,

where
Iy = /w(xg + 22) drodrs = é.

Let A, G, and G be the fields introduced in Lemma 3.3. Then
I =9 = Asy in WH2(0,0),

and for a.e. x € 2

Gra(z) = —x39 (x1) + Gia(1, 22),

oo (22
Ggl(af) = —x30 (1‘1) + Ga (371, J)Q).

Let v be as in (18). Then the following statements hold:

i. if 1 = 400, then, for a suitable choice of the constants ¢ in Lemma 3.1,
the sequence of displacements u” : Q — R® defined by

—h
ufll = Y1 :E12’
(en/on)
—h
h._ Uy —hwo
Uy = 2= 23
2 gh/(sh ( )
o yh — Opas
ul = B
Sh/(sh

admits a subsequence which converges in W2(;R3) to a function u €
A®°. Moreover,

Gi1(x) = —x385 (z1) + Gii(z1,x2) (24)

for a.e. x € Q.

11



i. If r € {0,1}, then, for a suitable choice of the constants ¢ in Lemma 3.1,
the sequence of displacements u” : Q — R3 defined by

oo g — a

uy = - ,
—h

h Uy — hxo
Uy = == 25

2 hsh/h ) ( )
- Y3 — opx3

3 Eh/éh

admits a subsequence which converges weakly in W12(Q; R3) to a function
u € ABN . Moreover,

Gri(x) = & (x1) — w2by (w1) — 2385 (1) + g(ﬁé(xl))z (26)
for a.e. x € Q.

PROOF. Since A = A(x1), the convergence in i of Lemma 3.4 implies that

1
1 _ 2 .
m <y§ - [ yg dxg) —  Aszoxy in LQ(Q)7

L/
eh (92 [
Since 9" can be written as

1
1 1 2
"= G e [ he) desd

11 (_h /é
L N
Toen /. 3{ Y2 -

1
2

=

Nl=

gg d.ﬂ?g) — —Aggl‘g in LQ(Q)

[N

yg d(Eg) d$2d$3,

it is clear that 9" converges to ¢ := Asy strongly in L2. The convergence is
actually weak in W2, as (9")" is bounded in L2. Indeed, using the fact that
R™ is independent of x5, we obtain

1
IO hEh/(Sh

1
1 1 ~ z -
—_— — d dxod
+Io hEh/(Sh/wa(R 31 [ R"3; IQ) To2dT3

1
2
11 "

— Toa . 1’3(y271 — Rhgl) dxgdxg,

"y = /952(3731 — Rl's1) daadas

where the first and the last term on the right-hand side are bounded in L? by
1 of Lemma 3.1, while the second term is bounded in L? by Poincaré-Wirtinger
inequality and the second estimate in 2 of Lemma 3.1.

12



Finally, by 57 of Lemma 3.3 we deduce (22).

Proof of i. For r = 400, let us choose the constants ¢” in Lemma 3.1 in such a
way that " — (x1, hwa, §p3) has zero average, and let us define @ : Q — R3
by

’&h — gh - (.’171, th; 6h$3) . (27)
€n/0n
From i of Lemma 3.4 we have that V,a" = % admits a subsequence, not

relabeled, converging to A in L2(Q;R3*3). Hence V4" is a Cauchy sequence in
L2(£;R3*3) and, since §" — (w1, hra, 6px3) has zero average, we have that
" — 4 in WH2(Q;R3).

Moreover, since V4" is bounded in L?(Q; R3*3) and V,,0"e; = 4%, we deduce
that & = u(x1) and Ae; = 4. In particular, since the matrix A is skew-
symmetric, we deduce that ﬁ171 = A11 = O, ﬁ271 = A21 = 7A12 and ﬁ371 =
Agz1 = —Aj3. By 5 of Lemma 3.3 we have that Aj2; = 0 and hence, 4217 = 0.
Putting these information together, and using also the fact that @ has zero
average, we obtain that there exist a constant a and a function & € W?22(0, /),

with fol &3(z1) dzy = 0, such that

. N by
Uy = 0, Uy = 04(331 — 5), Us = 53. (28)

On the other hand, using (27) and (13), we have

) 1, 1 1
/Q (Ugl - Eui,z) dr = = /on /Q (y§1 - Ey{L,Q) dx =0,

hence, taking the limit as h — 0, we obtain

0= / (’LALQJ — A12) dx = 2/ Ug1 d,
Q Q

which, in turn, implies that o = 0 in (28). Hence

=0, =0, d3=4¢&s. (29)

Let now @” : Q — R3 be defined by

15 15 al 15 al
=t () B =het (3) 50 A=t (5) 5
so that , / N /5
u uio/h U
\VA yh 7 7“1,1 }61,2 U1,3/%h
(€hh/75h)2 - Ug,l/h U2,2/h2 u§,3/(h5h) . (30)
73971/511 ﬂ’gﬁz/(h%) a§,3/512z
By (13) we have that
/ (Vi — vah" ) dz = 0. (31)
Q

13



Since we have also that fQ @ dz = 0, by Korn inequality there exists a constant
C'k such that
lsym Va2 > Crc[|@" [l 2. (32)

By (30) and ii of Lemma 3.4 we have that sym Va" admits a Cauchy subsequence
in L?(Q;R?); hence inequality (32) implies that there exists 4 € W12({;R3?)
such that, up to a subsequence,

a" — @ in WH2(Q; R?).

Moreover, from (30) and i of Lemma 3.4 it follows that u; o + @,,; = 0 for every
i =1,2,3 and a = 2,3, hence u is a Bernoulli-Navier displacement. In other
words, there exist & € W12(0,/) and &, & € W22(0,£) such that

Uy =& — w28y — w38y, U =&, Uz=E;. (33)

Noticing that @} = 4% 67 /e), and recalling that r = limy, ¢ 5 = 400 yield that
— h
al — 0 in WH2(Q); hence, 13 = &3 = 0. Thus, (33) reduces to

U =& — 228y, U =&, u3=0. (34)

By (30) and i of Lemma 3.4 we deduce that @1 = 3(A2)11. Thus, recalling
that A is skew-symmetric, we find

i =~ (A + (Ao)?) = —5((@2)* + (@), (3)
and using (29) and (34), we deduce
&~ = —5 (&)
Since the right-hand side depends only on z1, this implies
G=0 and &= ()" (36)

From [, 12 dz =0 and & = 0, we deduce that & = k(z1 — §) for some constant
k. But, as a consequence of (31), we have that

/ (1_1,1’2 — 'I._L2,1) dr = 0,
Q

which implies k£ = 0. Hence, we conclude that
i =&, u2=0, uz=0.

Moreover, since &3 € W22(0,¢), we deduce by (36) that & € W22(0,£).

The proof of the statement concerning the convergence of v follows now by
the analysis above after setting u? := a?, ul = 4, ub := 4%, and & = &.
Finally, since A3y = 131 = &4, equality 6 of Lemma 3.3 implies (24).
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Proof of ii. Let now r € {0,1}. The proof of this case is very similar to a part
of the proof of i, thus we only sketch it. Noticing that

=h h  =h uy o, uf
Ur = x1 teEpuy, Y :h:zerreh;, Us :5hx3+5haa
we have
Vhyh _I U}1L,1 U}f,Q/h u}f,s/éh
— = Ug,l/h Ug,Q/hQ u§,3/(h5h) . (37)
h U§,1/5h ug,z/(héh) “§,3/5i2z

By part 44 of Lemma 3.4 and by Korn inequality we deduce that u” — wu in
Wh2(Q;R?) with u € ABN. Moreover, from (37) it also follows that

(Vig™") —1

— up; in L*(Q).
€h

Multiplying both sides of (37) by d;, and using ¢ of Lemma 3.4, we obtain
that Ao =0 and A3 = u; 3. Passing to the limit in the identity

(Vig")11—1 Ry —1g,

RhGMYy = - —
after recalling & of Lemma 3.1, 2 and 4 of Lemma 3.3, and the definition of r,
we find 42 AV 4 (A2
_|_
G11=u11—r( )11=u11+7“—( 12)” + (A1z) )
’ 2 ' 2
and this completes the proof. a

Remark 3.8 The definitions of u" and 9" in Lemma 3.7 are given in terms of
the deformations 7", which in turn depend on the sequence of constant rotations
(Q™), introduced in Lemma 3.1. By Remark 3.2 any two sequences of constant
rotations satisfying Lemma 3.1 have difference going to zero, as h — 0. Using
this fact, one can show that the limits of Vu" and 9" are in fact independent
of the choice of (Q").

Remark 3.9 We give here a geometrical interpretation of GG1; and of the con-
straint (21). By explicitly writing £,GL G, — 0 in L'(Q;R3*3) we deduce that

1

9 (VhyhTVhyh — 1) —=symG in L'(Q;R3*3). (38)
h

Hence sym G is the limit of a rescaled sequence of Green-St. Venant strain
tensors; thus, G1; measures the length’s variation of fibers parallel to the axis
of the beam (see [2]). The component of (38) on the first row and first column
can be rewritten as

(Viy" — D11 Len (Viy" — DT (Vpy" — 1)
Eh 2(5}21 5h/5h 5h/6h 11

— Gy in LY(Q).  (39)
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This equation highlights the fact that Gp1 is “generated” by a linear and a
quadratic term in Vpy" — 1.
In the case r € {0,1}, by using (25) and i of Lemma 3.4, we find

1
u11 + iT(ATA)H =G

that is,
,
Gri(z) = & (21) — 2285 (21) — 2385 (21) + 5(53(9?1))2’

which is exactly (26). We note that when the energy is “small”, i.e., r = 0, the
quadratic term in V3" — I does not give any contribution in G1;. According
to our geometrical interpretation of G117, we deduce that the length’s variation
along the axis of the beam is given by &} for r = 0 and & + %(%)2 for r = 1.

In the case r = +oo0, that is, when £,/67 — +00, we deduce from (39), after
multiplication by 62 /ey, that

(Vay" =D | 17(Vay" = DT (Vay" = 1)
(en/on)? 2 €n/0n en/on 111

As before, by using (23) and ¢ of Lemma 3.4, we find

— 0 in LY(Q).

1
Ui, + §(ATA)11 =0

that is, & + 3(£4)? = 0, which is exactly the constraint (21). This implies that
in this regime the axis of the beam is inextensible.

3.1 A liminf inequality

In this subsection we prove a lower bound of the limit energy. We start by
recalling a result proven in [8, Lemma 3.4].

Lemma 3.10 Assume that limy_,oe, = 0. Let (y") ¢ WH2(Q;R?), (R") C
SO(3) and

- thhyh -1
= -

G . — G in L*(Q;R3*3),

Then

| b 1
I > —
hznlélf E%/QW(Vhy )dx > 5 /9Q3(G) dz,

where Qg is the quadratic form introduced in (3).
We now state and prove the following liminf inequality.

Theorem 3.11 Assume (12). Let y* € W12(Q;R?) be a sequence of defor-
mations satisfying (11). Then, there exist rotations Q" € SO(3) and constants

c" € R such that, setting i = QhTyh —ch,
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1. " = 21er in WEEH(Q;R®) and Vigh — I in L2(Q;R3*3).

Under assumption (18), setting

1
7(37?—951) if r =400,
2
- (fh/ih)
a(% — 1) if r € {0, 1},
1 _ .
m(y% — hzo)  if r =400,
Uz = 1, .
sz — hxa) if r € {0,1},
1 _
ug = m(yg — Op3),
h 11 _h _h
I = Toher (Onxals — hasyy) drodrs,

we have that

2. up to subsequences, there exists u € A" such that u — u in W12 (Q;R?);
if 1 = 400, the convergence is actually strong in W12(Q; R3);

3. up to subsequences, there exists ¥ € WY2(0,£) such that 9" — 9 in
Wh2(0,¢).

Moreover,

.1 h
_ > J"
hhml(r)lf = /QW(Vhy Ydx > 1" (u,9), (40)

where I" : A"xW12(0,£) — [0, +00) is defined by

4
I(w0)i= 3 [ Qalu ) doy
0

if r = 400, and by

V4 ¥/ ¢
I"(u,0) = i/ Qs é’,ﬁ’)daz1+%/ E(ﬁi—f—%(&é)Q)Qdazl—i—i/ E(&))? day
0 0 0

if r € {0,1}. Here &1, &, and &3 are as in the definition of A" (see Defini-
tion 3.6).

PROOF. Take as Q" the sequence of rotations constructed in Lemma 3.1 and as
c a sequence of constants chosen as in Lemma 3.7. Then, statement I follows
from 7 and 3 of Lemma 3.1 and from the fact that 4" — (z1, haa, 6p23) has zero
average. Statements 2 and & follow from Lemma 3.7.

Let us prove (40). Using the frame indifference of W and the definition of
y" we have that

W(Viy") = W(Vni"). (41)

17



Let R" be the sequence of approximating rotations of Lemma 3.1 and let
RV g — T
€h

By 4 of Lemma 3.3 we have that, up to subsequences, G* — G in L?(2;R3*3).
Working with the corresponding subsequence (not relabeled) of Viy", and
taking into account (41), Lemma 3.10, and (4), we get

Gh .=

1 1
1iminf—2/ W(Vpy)dz > /Q3 = 7/Q3(symG)dx
€h Ja 2 Ja

h—0

Y

B} . Q2(G11, 2(G12 + G21)) dz, (42)

where the last inequality follows from the definition (6) of Q2.
By Lemma 3.7 we have that for every r € {0,1,+oc0} there exist g,g €
L2((0,¢) x (—1,3)) such that

Gu(z) = —x3&5 (21) + g(w1, x2),
3(Gra(z) + Ga1(z)) = —x30 (1) + §(21, 22)

for a.e. x € . Since )7 is a quadratic form, we obtain

Q2(G11, %(Gu +Go))dr = Q2(—w383 + g, —x39" + g) dz
Q Q

[ a30u(&s. o+ [ Qulo.)da 43
If r = +00, we simply deduce
/Q2<G11a%(012 + Ga1))dx > / 23Q2(¢4,0') da,
Q Q

hence, by (42)

lizn_}gf;% i W(Viy")de > / Q2(&5,0") dy.
If r € {0,1}, by (26) we have that
glarz) = & (1) — w28 (1) + 5( (1))
hence, using the definition of E (see (7)) we have
| @i = [ B -ng+ 567 @
LE@+5@WW+A%M9%w

¢ 2 ¢ 2
= /OE(§1+5(53)2) dx1+%/ E(&) dxy.  (44)

0
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Thus, combining (42) —(44), we conclude that

1
liminf — "y dx >
im in Ei/QW(Vhy )dx >

£ £ L
> & [ Q) an <4 [ B+ 56 i+ [ B an.

O

3.2 Recovery sequences

Here we shall prove that the lower bound obtained in the previous subsection
is achieved. For clarity we shall discuss the cases r = oo and r € {0,1} in two
different subsections.

3.2.1 The recovery sequence in the case r = oo

In this subsection we consider the case in which

Eh Eh

1. - = 1. —_— = = 4
lim 5 0 and Lim 52 r = 400, (45)
and we further assume that 2
. En

Theorem 3.12 Assume (45) and (46). Then for every (u,9) € A°xW2(0, )
there exists a sequence of deformations y" € W12(€;R?) such that, setting

1
h h
up = ———(y —71),
1 (Eh/(sh)2 (yl 1)
1
h h
- h
U n/on (y2 2),
1
h h
= (-0
U3 sh/(sh (yS hl‘?))a
o= 11 (Snzoyh — hasyl) deoda
. IO h&?h g h42Y3 392 2043,

we have that Vpy" — T in L2(Q;R3*3), ul — u in WH2(Q;R?), 9" — 0 in
Wh2(0,0), and

1
limsup—Q/ W(Vpy") de < 1°°(u, ), (47)
h—0 €1 Ja

where

¢
I°(u,9) := i/ Q2(uf, V') dxy.
0
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PROOF. Let us fix (u,d) € A*®°xW12(0, ) smooth enough and let &; and &3 be
as in the definition of A, see Definition 3.5. For every ¢ € [0, ¢] we define

0 0 &)
A(t) := 0 0 =9t
&) o) 0

To simplify notation we set 1, := €p/dp, which tends to 0 by (45). Let
RM: [0,4] — R3*3 be the solution of the Cauchy problem

X' =g XA in [0, 4],
X (0) = exp(nn A(0)).

It is easy to see that R"(t) € SO(3) for every t; indeed, R"(0) € SO(3) and
(RM(RMTY =0 on [0,4] from the equation. Moreover, the function

t
QM t) = T+ mAW) + 1 [ A)A(s)ds -+ b 4200,
0
solves the problem

{(Qh)’ = QA + 3L in [0, 4],
Q"(0) = exp(npA(0)) + O(n}),

where

L(t) = —(/OtA(s)A’(s) ds + %AQ(O))A’(t).

Therefore, by Gronwall Lemma we have that |R" — Q"| = O(n}) uniformly on
[0, £]; in other words,

R"(t) = I + muA(t) + i /0 A(s)A'(s) ds + 50 A%(0) + O(np).  (48)

Finally, let us fix ¢ € C°°([0,/]) and v € C*°([0, ¢]; R3), and define
—%h%%mggp'(a@l)
BMz) = enRMxy) —hzaz3p(z1)
2
3 -a3p(x)
- ahhxgxgﬁ'(xl)Rh(acl)el + %ahéhngh(xl)'y(m).

We consider the sequence of three-dimensional deformations 3" : Q — R3
given by

1 0
y"(x) = / RMt)eydt + R"(z1) | hao | + 8" (2) + ",
0 §hI3

20



where ¢! :=12£(0), ¢ := 0 and ¢} := 1,&5(0).
We first check the convergence of the tangential and normal displacements
u”. The expansion (48) and the definition of A imply that

Rl (1) :1fﬁllwﬁy@@fﬁ%mm+mﬁ>
= 11— L (w)? + O0R)
— 1 () + O, (49)
and
Rliy(r1) = OGR),  Rly(ar) = Olm), (50)

as h — 0, uniformly in [0,£]. Since R" = I + O(ny,), we have that 8} = o(n?)
and VA% = o(n?). Combining these two facts with (48)—(50), we obtain that

ui(z) = &(x1) +o(1),
Vui(z) = &(z1)er +o(1).

Therefore, we can conclude that u? converges to u; strongly in W12(Q).

Similar computations show that uz converges to uy strongly in W2(Q) for
k=23.

Finally, we note that

h 11 h h
I =0+ o | (OBl — hasBl ) deadas + O(mm) =0+ o(1),
IO h€h w

which gives the desired convergence.

Let us prove now the convergence of energies (47). By differentiation we
obtain

0
Vay" = RM(zy) + (R (z1) | has | @ ey + ViB"
On3
Since by definition
R (RYY = A (51)

and 7,6, = €y, we deduce that

—a3€l

RhTVhyh =I+ep ;»’U:ag/ ®er + RhTVmBh-
b,

5h

Using property (51) and the orthogonality of R", a direct computation shows
that

2
0 —z3 —%%x% ’—%xﬂ?'
nT h " h '
R V8" = ¢y 0 —T3¢ —5rT2p (52)
1h%, 2 1 h
25 Lap 5 T2 0

2_2
1 h%ej,

+eprz(y®es) + 5 5 rapAes @ ey + o(en).
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Under the assumption (46) the second term in the second line of the previous
formula is of order o(g;,). Hence

T
RV Vit =T+ EhBh(x) + o(en),

where
" / 1h%, 2 1 h ’
—x383 —x3d  —g5-wap — srael) + asm
h / h
B" = —x30 —x3p —5, L2p + 2372
h 1 1h:. 2 1 b
Tth'& + EEmQ@ EI'QQO 373

Applying the identity (I + B)T (I + B) = I +2sym B+ BT B and observing that
e2(BMTB" = O(e2h?/56?) = o(en) by (46), we obtain

(V"I " = I+ 26,232 + o(ep)

where
&
Z=| =0 —p 3%
%'71 %72 V3

By frame-indifference we have

W(Viry") = W (\/(Vihy") TV yh) = W(I + ep23Z + o(en)).

As Z is bounded in L°, for h small enough the matrix I +e,237 +0(ep) belongs
to the neighborhood of SO(3) where W is of class C?2, so that, by expanding W
around the identity, we have

e, W (Viy") = 323Q3(Z) ae. in Q,
e W (Viy")| < C(1Z7 +1).

By the dominated convergence theorem this implies

1 ‘
lm / W(Vay") de = L / Qs(Z) da. (53)
h JQ 0
Consider now the general case. Let (u,) € A*°xW12(0,¢), and let £; and
&3 be as in the definition of A>. Let also ¢ € L*(0,¢) and v € L?((0,¢); R3) be
such that
& =0 im
Qa(uf, ) =Qs | =V —¢ 37 (54)
%’71 %72 V3
a.e. in (0,¢). Finally, let us consider sequences &5, 9%, ¢F € C>(]0,4]) and
A% e ([0, £); R?) such that &5 — &5 strongly in W22(0, £), ¥ — ¥ strongly in
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Wh2(0, 6) ©* — ¢ strongly in L2(0,¢), and v¥ — v strongly in L2((0,£); R?).
Setting u* := (¢F,0,¢5), where

e =3 [ (&) dt+ 60

for every z1 € (0,), it is immediate to see that u* € A> N C>([0,/];R?) and
uF — w in W22((0,£);R?). By the previous argument for every k € N we
can construct a sequence of three-dimensional deformations, whose associated
displacement and twist function converge to (u¥, ¥¥), as h — 0, and satisfying
(53) with Z replaced by

—(€)" WY gt

k .__ k
Z8= (")  —oF 1Ak
v A

Using a diagonal argument, the continuity of the left-handside of (53) with
respect to the L? convergence, and equality (54), we deduce the I'-limsup in-
equality (47). O

Remark 3.13 The assumption (46) used in Theorem 3.12 is crucial in the
construction of the recovery sequence since it allows us to control the stretch of
the mid-plane, i.e., the zyxo-plane. For instance, in (52) it permits to drop the

term
1 h
2

1hs 2 " 1
es®er =552 r3p(—E5e1 ®er — Ve ®ey),

that clearly represents a mid-plane deformation.

We note also that (46) coincides with the assumption that was required in
the analysis of the critical regime, developed in [7]. Indeed, in this case we have
limy, 0 ;—Z =1, so that (46) is equivalent to

h2

pm = =0,

which coincides with condition (5.6) in [7].

3.2.2 The recovery sequence in the case r € {0,1}

In this subsection we consider the case in which
En

}ILILI%) A =0 and hin 62 =re{0,1}. (55)
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Theorem 3.14 Assume (55). Then for every (u,9) € ABNxW12(0,¢) there
exists a sequence of deformations y" € W12(Q; R3) such that, setting

W= ),

e )]

up = ﬁ(yg—fshx?a),

o= Ilohiah w(5hm2y§—hx3y3)dx2dx3,

we have that Vyy" — I in L2(Q;R3*3), uh — u in WH2(Q;R?), I = 9 in
Wh2(0,¢), and

1
limsup—Q/ W(Vpy")de < I"(u,9), (56)
h—0 €& Ja
where
¢

¥/ l
I (u,9) == i/ Qa( g’,ﬁ’)dasl—i—%/ E(§1+§(§§,)2)2dx1+ﬁ/ E( ’2’)2dx1
0 0 0

with &1, & and & as in the definition of ABN.

PROOF. Let us fix (u,9) € ABN xW2(0, ) smooth enough and let &1, &, and
&3 be as in the definition of APV, Let us fix a,~,0 € Cm([O,é];Rg’;n?;).

We consider the sequence of three-dimensional deformations 3" : @ — R3
given by

1 51 — 1326’2 — Igfé — h$2$3’£9/
yh(x) = hxo +epn %52 — 37 + €hﬂh(5€)’
Onxs3 (%hfg + 5%13219

where
Bl = op(afons + 2xamsm1s + 2x3013) + $h2a3w30h,s + h(23712 + 222012),
BY = h(waxs02 + 523722 + 2022) + On (23023 + 223023),
B = 5h(%x§a33 + ow37y33 + £3033) + hadyes — %g$§a2z-

It is easy to see that the displacement and the twist function associated with
y" converge to u and ¥ in W2, Moreover, we have that

1
Viy' =1+en(M" + A+ VLB, (57)
h
where . , ,
ui,1 — hl‘gxg’l? —gé/h — 13319 —hl‘219 /(Sh
M= &y /h — x39 0 0
h:1:219'/5h 0 0
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and

0 0 =&
A= 0 0 -9
& 9 0
Also,
0 ToY12 + 012 T3013 + T2713 + 013
VBt = T30pa + TaYoo + 022 T3a3 + TaYes + 023
Sym T3z3 + T2y33 + 033
0 o2 +012 23013+ Tav13 + 013 + h2w3ah, /(204)
+ 0 hxooas /0 + T30t23 — TaY23 + T23
skw 0

+O(h) + O(/h).

Thus, we obtain
1 2
VhyhTVhyh =1+ 2¢, sym(Mh + EA + Vhﬂh) + %ATA
h
2 2
€3 hej,
SRy 4 o(ZER
) O
= I+ 2 sym (M" + V8" + ZATA) + o(ey),

+0(

where the last equality follows from (55). From the above relations we deduce
that

Sym (Mh + Vhﬁh + %ATA) =71+ 2045+ x343 + O(h) + O((Sh/h),

where
§+5(8)7 58I +on 013
AR %192 + 022 023 ) (58)
sym 2((&5)? +9%) + o33
- é’ Y12 713 - ;/g' —9' 13
Ly = Y2 Vo3 |, Z3 = oz o3 |- (59)
Sym Y33 Sym Q33

By frame-indifference we have
W (Viy") = W(\/(Vay")TViyh) = W(I + en(Z1 + 2222 + 2373) + 0(ep)).

As (Z1 + 292y + x373) € L*™(;R3*3), for h small enough the matrix I +
en(Z1 + 1275 + x373) + o(ey,) belongs to the neighborhood of SO(3) where W
is of class C2, so that by Taylor expansion we have

E;QW(Vhyh) - %QS(ZI + x99 + $3Z3) a.e. in €,
e, 2\W(Vayh)| < C(|1Z1 + 2272 + 2373)% + 1).
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By the dominated convergence theorem this implies
nmi,z / W(Viy") de =
hogr Jo
= %/QQg(Zl + 2979 + x373) dx

= %/QQ3(Z1) + I%Qg(zz) + I%Qg(Zg) dx
4

¥/ ¥/
= i/ Q3(Z3)dxy + %/ Qs3(Z1)dxy + & | Q3(Z2) das.
0 0 0

Consider now the general case. Let (u,?) € ABNxW12(0,/), and let &,
&, and &3 be as in the definition of APN. Let also a, 7,0 € L*((0,0); R3x%) be
such that

B(E+5(&))" = Qs(2), E(&)" = Qs(2%), Qa(&,9) = Qs(Zs),

a.e. in (0, £), where the Z; are defined as in (58)—(59). Arguing as in the proof
of Theorem 3.12, we deduce the T-limsup inequality (56) by density. O

4 Convergence of minimizers

In this section we introduce a sequence of forces and characterize the asymptotic
behaviour, as h — 0, of minimizers (or almost minimizers) of the total energy.
This is made precise in the following theorem.

Theorem 4.1 Let (o) be a sequence of strictly positive real numbers such that

. an
%li%g—o (60)

and let ey, := ap /8. Let f, f € L*((0,€)x(—3%, 1)) be such that

/(0,2) X (—

and

fhdayday :/ zifdeidey, =0,  i=1,2 (61)
) (Ovl)x(7%1%)

11
272

aifh . f weakly in L2((0,€)x (—1, 1), (62)
h

Let

fory € WH2(Q;R3).
Then the following statements hold:

i. |inf J"| < Ce2 for any h > 0 small enough.
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If (y") € WE2(Q;R®) is a minimizing sequence of s%Jh in the following
sense ) ) "
li (th Py _j f—Jh) —0, 63
tim (570" ~inf (63)
then there exist some constants Q" € SO(3) and ¢ € R? such that, setting
g = QhTyh —c", we have that

g" — xier  strongly in WH2(Q;R3). (64)

Assume in addition that

s @ e Eh
}lllir%)g —}lllir%) 52 r€{0,1,+o0}. (65)

If r = +00, assume also that

. h%e,
Jim =" =0, (66)
Then, for
-2 =
—— (g — = if r =400,
PR RCYNEh e
no=
1 .
— (1 — =1) ifr €{0,1},
Eh
1
7(373 — hxo) if r = +oo,
hoo._ €n/0n
uy = - .
m(yz —hza)  ifre{0,1},
1
h _h
= — -9
Ug eh/(sh (y3 hm3)7
h 11 _h _h
vt o= 1o hen w(5h$2y3 — hx3yy) dradas,

we have that, up to subsequences, ul —uin Wh2(Q; R3), 9 =9 weakly
in WH2(0,€) and Q" — Q, where (u,9,Q) € A” x WH2(0,£) x SO(3)
minimizes the functional

¢ ¢
I" (u, ) — R32/ fus dzy — R33/ fusdz, if r = 400,
J"(u,9,R) := 0 0

0
IT(U, 19) — R33/ fU3 dzry if’l" S {0, 1},
0

among all (u, 9, R) € A" x W12(0,£) x SO(3). Here we have set f(x;) :=

1
J 21 f(x1,22) duo. Furthermore, we have
2

.1 h_-lhh_rfff_'r
}lbl_r%gimfj _ilg%sij (y") = J"(4,9,Q) = min J". (67)
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Remark 4.2 The two conditions in (61) guarantee that
/ fles-Qudr =0
Q

for every @ € SO(3) and every h > 0.

PROOF OF THEOREM 4.1. Let (y") be a minimizing sequence of E%Jh in the
h

sense of (63) and let pp(z) = (x1, hxa, dpzs) be defined as in (8). Applying

Lemma 3.1 with 77;21 := I"(y") and n, in place of &5, and using Poincaré-

Wirtinger inequality we find some constants P" € SO(3) and d" € R?® such

that for 3" := PP y* — d* — py, there holds
15172 + [ Vhg" (|72 < C8; 21" (y™). (68)

Moreover, by (61) we have
inf J* < J"(pp) = — [ Snasf (1, z2) dr = 0. (69)
Q
Using (61)—(63), (68), and (69), we obtain
"y = I +/ P ey g da
Q
< Gl < Cf + CFE (1) .
h
Recalling that €, = ay,/dp, the previous inequality yields
Iy < el (70)
Moreover, using again (61), (62), and (68), we deduce

T -
Jh(yh) > —/ PP ey gt da > —OzthhHL2 > —CE%.
Q

Since (y") is a minimizing sequence, the last inequality together with (69) im-
plies that |inf J"| < Ce?.

By (70) and by Theorem 3.11 we deduce statement 4 of the theorem.

Assume now (65) and, if r = 400, (66). By Theorem 3.11 we deduce that
there exists (@,9) € A" x W2(0,¢) such that, up to subsequences, u" — @
weakly in W12(Q;R3) (strongly if 7 = +00) and 9" — ¥ weakly in W12(0,¢).
Moreover, up to subsequences, we also have that Q" converges to some Q €
SO(3). By (40) and (62) we obtain that

CE 1 h(, h T(= 9 CE 1 hhT éh —h
— > — N C— —
hﬁn 1(r)1f %J (y™) I"(@,9) + hﬁn 161f ( / N frQ" es . (¥" —pn) dx)

— I(@9,0). (71)
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Let now (u,9, R) € A" x W12(0,¢) x SO(3). By Theorems 3.12 and 3.14
there exists a sequence (g)h) C WH2(Q;R3) such that the corresponding dis-
placement @ and twist function 9" satisfy 4" — u in W12(Q;R3), 9" — ¥ in
Wh2(0,¢), and

1
lim sup —2/ W (Viy") de < I"(u, 9).
h—0 € JO
This implies that

1 1 1
lim sup —ZJh(yh) = limsup (—2 inf Jh> < lim sup —QJh(R ")
h—0 €} h—0 €h h—0 &p
1 1
= limsup (—21h(y]h) — —2/ fPRTes - " d:ﬂ)
h—0 € €h Ja
r : 1 h pT 6h ~h
< I (u,ﬁ)—i—hmsup(— —f"R ez —(9 —ph)dx>
h—0 Q Gn €h
= J"(u,9,R). (72)

Combining (71) and (72) we deduce the minimality of (#,9, Q) and the conver-
gence of the energies (67).

To conclude it remains to show that u” — @ strongly in W2(Q;R?) for
r € {0,1}. Arguing as in [10, Subsection 7.2], one can infer from (67) that
i sym(V,g" — I) converges strongly in L2(Q;R3*3). Repeating the proof of
part i of Lemma 3.7, one can show that this implies strong convergence in
Wh2(Q; R3) of the sequence of displacements u”. o
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